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Abstract: Recently, it has been realized that liquids are able to support solid-like
transverse modes with an interesting gap in momentum space developing in the disper-
sion relation. We show that this gap is also present in simple holographic bottom-up
models, and it is strikingly similar to the gap in liquids in several respects. Firstly,
the appropriately defined relaxation time in the holographic models decreases with
temperature in the same way. More importantly, the holographic k-gap increases with
temperature and with the inverse of the relaxation time. Our results suggest that the
Maxwell-Frenkel approach to liquids, involving the additivity of liquid hydrodynamic
and solid-like elastic responses, can be applicable to a much wider class of physical
systems and effects than thought previously, including relativistic models and strongly-
coupled quantum field theories. More precisely, the dispersion relation of the propa-
gating shear waves is in perfect agreement with the Maxwell-Frenkel approach. On the
contrary the relaxation time appearing in the holographic models considered does not
match the Maxwell prediction in terms of the shear viscosity and the instantaneous
elastic modulus but it shares the same temperature dependence.
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1 Introduction
The ability to flow generally differentiates liquids from solids. Making this difference
quantitative on the basis of a physical theory has proved to be an important open
question. More recently, it has been appreciated that similarities between liquids and
solids involve an important length scale. Liquids are traditionally discussed in the
hydrodynamic regime ω/T  1, k/T  1 where no shear waves propagate [1]. From a
theoretical point of view, the main traditional distinction between liquids and solids has
been their ability to support propagating shear waves: solids do support propagating
transverse phonons while liquids do not1. This property is connected to the existence
of a finite elastic shear modulus which gives solids the “rigidity” properties we are used
to. Indeed, it is very well-known [2, 3] that transverse phonons in solids obey the simple
dispersion relation:
ω = V k , with V2 = G
χPP
(1.1)
1For the rest of the manuscript we will refer to this point as the distinction between solids and
liquids. Notice that such a difference relies on very specific transverse excitations, i.e. transverse
sound. It is clear that also in liquids there could be propagating transverse waves of other kind, such
as EM waves.
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where G is the shear modulus, χPP the momentum susceptibility and V the speed of
shear sound.
However, this picture is not the complete story and was challenged by Frenkel long
time ago, in 1932 [4]. Accordingly to his ideas, above a certain frequency and away
from the hydrodynamic regime where:
ω > ωF ≡ 1
τ
(1.2)
liquids, in fact, can support propagating shear waves and therefore behave like solids.
Here, τ is liquid relaxation time introduced by Frenkel, the time between consecutive
particle jumps in the liquid. Frenkel’s argument was that at times shorter than τ , the
system is a solid and therefore supports all three phonon modes, one longitudinal and
two transverse. [4]. At times longer than τ , the system is hydrodynamic and supports
one longitudinal mode only.
Interestingly, Frenkel’s proposal implied that the difference between a liquid and
an isotropic solid (glass) is only quantitative (because τ grows continuously with re-
ducing temperature) but not qualitative, sparking an interesting debate between him
and Landau (see Ref. [5]) for details). The predictions of Frenkel theory have been
confirmed in several simulations and experiments [5].
Very recently, more challenges from rheology experiments appeared. In particular, new
results seem to suggest that liquids can support propagating shear waves and behave
like solids even at low frequencies [6–9]. This behaviour does not seem to be consistent
with the Frenkel’s proposal although, as we will see below, Frenkel did have another
equation in his book capable of explaining the low-frequency shear resistance of liquids.
Two proposals have been put forward to explain the low-frequency behavior of
liquids:
1. The existence of a k-gap in the transverse spectrum of liquids [5, 10–12]
2. The role of non-affine deformations in viscoelastic materials and amorphous solids
[13–15]
According to the first proposal, transverse shear waves in a liquid have dispersion
relation of the type:
Re(ω) =
√
V2 k2 − 1
4 τ 2
(1.3)
As discussed below, this result can be derived from the Navier-Stokes equation using the
so-called Maxwell interpolation [5]. This result implies that at large enough momenta
k > kgap ≡ 1
2V τ (1.4)
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liquids can support propagating shear waves even at low frequency ω ≈ 0. In other
words, liquids could behave like solids even at very low frequencies. This observation
may provide an explanation for the unusual experimental results obtained in [6–9]. We
will analyze in more details the theoretical background of both Frenkel ideas and the
k-gap proposal in section 2. To avoid any confusion it is important to clarify that the
propagating shear waves at large frequency or large momentum cannot be interpreted
in terms of phonons as Goldstone bosons for translational invariance and cannot be
captured by a simple low energy effective field theory. That said, for simplicity, we will
use interchangeably the terms ”propagating shear waves” and ”propagating transverse
phonons’ in the rest of the manuscript.
In a very different area of physics, the holographic correspondence has been very
useful in the understanding hydrodynamics of strongly coupled fluids2. Several impor-
tant results have been obtained using such a technique [16, 17]. Moreover, the collective
excitations of the dual field theory are easily addressed in the AdS-CFT framework.
These excitations are simply encoded in the QNM frequencies of specific gravitational
black hole solution [18–20]. Finally, in the last years, holography has been extended
to the identification of gravity duals for solids and viscoelastic materials which exhibit
elastic properties and propagating transverse shear waves [21–32].
In this work we will ask the following simple questions:
How are solid-like properties of liquids encoded in holographic models?
If yes, what is the associated time scale τ?
As we discuss below, the answer is positive to the first two questions, and moreover we
will be able to identify precisely the corresponding relaxation time in the problem.
In this paper, we analyze two different holographic models [33],[32] which, simi-
larly to liquids, exhibit the presence of a k-gap in the spectrum of transverse collective
modes. Importantly and unexpectedly, the temperature dependence of the gap is the
same as in the condensed matter system, liquids.
The discussed features go beyond the usual hydrodynamic limit3 and need a detailed
2In this context the theories at hand have usually a relativistic UV fixed point. For that reason
the asymptotic speed appearing in the k-gap dispersion relation (1.3) will be simply the speed of light
V = c.
3By hydrodynamic we mean the limit of small frequencies and momenta compared to the thermal
energy scale:
ω  T , k  T . (1.5)
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numerical study at large momenta k  T . Despite this difficulty we obtain an analytic
formula for the liquid relaxation time which can be defined just in terms of hydrody-
namic quantities and it is in very good agreement with our numerical data. En passant
we study the thermodynamic properties of the holographic models and we emphasize
their similarities with the behaviour of amorphous solids, glasses and viscoelastic ma-
terials.
We believe this work can constructively contribute to answering our initial question
about physical differences between solids and liquids. Additionally, our results provide
a new unexpected and extraordinary link between condensed and soft matter physics
on one hand, and black hole physics on the other.
The paper is organized as follows: in section 2, we discuss the theoretical problems of
the liquid description, Maxwell-Frenkel approach to liquids involving the additivity of
hydrodynamic and solid-like elastic response and show how this perspective results in
the emergence of the gap in the liquid transverse spectrum in k-space; in sections 3, 4
we present two simple existing holographic models exhibiting a k-gap in accordance to
the Condensed Matter theories; finally in section 5 we conclude discussing the results
and some possible future questions.
2 Condensed matter prologue
A theory of weakly-interacting gases can be developed using perturbation theory. On
the other hand, interactions in a liquid are strong. Therefore, the liquid energy and
other properties are strongly system-dependent. For this reason, a theory of liquids
was believed to be impossible to construct in general form [34].
Perturbation theories do not apply to liquids because inter-atomic interactions
are strong as already noted. Solid-based approaches seemingly do not apply to liquids
either: its unclear how to apply the traditional harmonic expansion around equilibrium
positions because the equilibrium lattice does not exist to begin with, due to particle re-
arrangements that enable liquids to flow. This combination of strong interactions and
large particle displacements has proved to be the ultimate problem in understanding
liquids theoretically, and is known as the ”absence of a small parameter”.
The absence of traditional simplifying features in the liquid description does not
mean that the problem can not be solved in some other way, including attempting to
solve the problem from first-principles using the equations of motion. Interestingly, this
involves solving a large number of non-linear equations which is exponentially complex
and therefore is not currently tractable [5].
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Recent progress in understanding liquids followed from considering what kind of
collective modes (phonons) can propagate in liquids and supercritical fluids [5]. It has
been ascertained that, (a) the k-gap kg increases with the inverse of liquid relaxation
time in a wide range of temperature and pressure for different liquids and supercritical
fluids and (b) kg increases with temperature. The first result directly agrees with [10];
the second result agrees with [10] noting that τ decreases with temperature.
Below we briefly review the origin of this result. This program starts with Maxwell
interpolation:
ds
dt
=
P
η
+
1
G
dP
dt
(2.1)
where s is the shear strain, η is viscosity, G is shear modulus and P is the shear stress.
The relation (2.1) reflects Maxwell’s proposal [35] that the shear response in a
liquid is the sum of viscous and elastic responses given by the first and second right-
hand side terms. Importantly (we will come to this point later), the dissipative term
containing the viscosity is not introduced as a small perturbation: both elastic and
viscous deformations are treated in (2.1) on equal footing.
Frenkel proposed [4] to represent the Maxwell interpolation by introducing the
operator A as A = 1 + τ d
dt
so that Eq. (2.1) can be written as ds
dt
= 1
η
AP . Here, τ is
Maxwell relaxation time
τM =
η
G∞
(2.2)
where G∞ is the elastic modulus at infinite frequency which, differently from the static
one (at zero frequency), it is finite even in liquids. At the microscopic level, Frenkel’s
theory approximately identifies τM with the time between consecutive diffusive jumps
in the liquid [4]. This has become an accepted view since [36]. Frenkel’s idea was to
generalize η to account for liquid’s short-time elasticity as
1
η
→ 1
η
(
1 + τ
d
dt
)
(2.3)
and subsequently use this η in the Navier-Stokes equation
∇2 v = 1
η
(
ρ
dv
dt
+ ∇p
)
(2.4)
where v is velocity field, η is viscosity, ρ is density, p is pressure and d/dt = ∂t + v · ∇.
This gives
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η
∂2v
∂x2
=
(
1 + τ
d
dt
) (
ρ
dv
dt
+ ∇p
)
(2.5)
Frenkel did not discuss the implications of (2.5). We can solve the previous equation
assuming a slowly flowing fluid d/dt = ∂t [5] and neglecting the non-linear terms O(v2).
For the transverse component of the velocity, which is decoupled from the pressure
fluctuations δp, we obtain the following simple equation:
η
∂2v
∂x2
= ρ τ
∂2v
∂t2
+ ρ
∂v
∂t
(2.6)
which, using η = Gτ = ρV2τ , can be re-written as:
V2 ∂
2v
∂x2
=
∂2v
∂t2
+
1
τ
∂v
∂t
(2.7)
where V is the propagation speed of the wave. We note that this equation can also
be obtained by starting with the solid-like elastic equation for the non-decaying wave
and, using Maxwell interpolation (2.1), generalizing the shear modulus to include the
viscous response [11]. This shows that the hydrodynamic approach commonly applied
to liquids [37] is not a unique starting point and that the solid-like elastic approach is
equally legitimate, implying an interesting symmetry of the liquid description.
Let’s now Fourier decompose the velocity field as v = v0 e
ikx−iωt in order to get:
ω2 + ω
i
τ
− V2 k2 = 0 (2.8)
The dispersion relation of the shear modes obtained from the previous equation reads:
ω = − i
2 τ
±
√
V2 k2 − 1
4 τ 2
(2.9)
and it gives what is known as the k-gap4. Notice that at this point we are considering
non-relativistic systems. On the contrary when we will deal with our holographic
models with an AdS UV asymptotic we will consider relativistic hydrodynamics and as
a consequence we will have V = c.
We observe that the appearance of the k-gap is a direct consequence of the uni-
fication of hydrodynamic and elasticity theories via Maxwell interpolation. In other
words, the system in question (e.g. liquid) is capable of both hydrodynamic and solid-
like elastic response.
4Notice that at this stage momentum is a perfectly conserved quantity. We will analyze later how
to modify this picture in presence of slow momentum relaxation.
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Figure 1. Molecular dynamics simulations for supercritical Ar and CO2 between 200K and
500 K. The simulations show the presence of a k-gap in the transverse phonons dispersion
relation. Figures taken from [10].
According to equation (2.9), liquids can support propagating shear waves and there-
fore behave like solids even at low frequencies ω ≈ 0 as long as:
k > kgap =
1
2V τ (2.10)
We note that at large momenta k  1/Vτ the dispersion relation approaches the linear
one:
ω = V k (2.11)
which is typical of common solids, i.e. massless transverse phonons. The same solid-like
relationship follows when τ in (2.9) becomes large, corresponding to the solid (recall
that τ is the time between molecular jumps in the liquids).
Recently [10], detailed evidence for the k-gap was presented on the basis of molec-
ular dynamics simulations (see Fig.1). It has been ascertained that kg increases with
the inverse of liquid relaxation time in a wide range of temperature and pressure for
different liquids and supercritical fluids, as (2.10) predicts. Moreover the k-gap repre-
sents a viable theoretical explanation for the detection of propagating shear waves at
low frequency in liquids made in [9].
The gap in k-space, or momentum space is interesting. Indeed, the two commonly
discussed types of dispersion relations are either gapless as for photons and phonons,
E = p (V = c = 1), or have the energy (frequency) gap for massive particles, E =√
p2 +m2, where the gap is along the Y-axis. On the other hand, (1.3) implies that the
– 7 –
mkgap
p
E
Figure 2. Possible dispersion relations and dependencies of energy E on momentum p.
Top curve shows the dispersion relation for a massive particle. Middle curve shows gapless
dispersion relation for a massless particle (photon) or a phonon in solids. Bottom curve shows
the dispersion relation (1.3) with the gap in k-space, illustrating the results of Ref. [10].
gap is in momentum space and along the X-axis, similar to the hypothesized tachyon
particles with imaginary mass [38]. Figure 2 illustrates this point.
Before proceeding, let us pause, and be clear about the Maxwell-Frenkel approach.
There are indeed two steps: from one side Frenkel derived the dispersion relation (2.9)
without assuming any precise definition of the relaxation time τ but just using (2.3).
On the other side Maxwell, using his well-known linear viscoelastic theory, proposed
the definition of such relaxation timescale with the Maxwell relaxation time τ = τM =
η/G∞. The two steps are completely independent and, as we will see in the following,
the holographic models considered respect the dispersion relation form (2.9), but their
relaxation time is not identifiable with the Maxwell relaxation time τM .
Now let us consider a relativistic system described by hydrodynamic equations; in
this case the asymptotic speed is simply the speed of light V = c. We can advance our
analysis further and expand the expression (2.9) in the hydrodynamic limit k  kgap:
ω1 = − i c2 τ k2 + . . . , ω2 = − i
τ
+ i c2 τ k2 + . . . (2.12)
From the latter expansion we can immediately realize that the relaxation time τ is
related to the hydrodynamic diffusion constant5
D = c2 τ (2.13)
5We assume the usual definition for a diffusive hydrodynamic mode ω = −iDk2.
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This is the main result of this section and the prediction we will compare with our
numerical data from the holographic models. This result can be derived from a quasi-
hydrodynamic framework and it is valid as far as τT  1. Interestingly, if we assume
the familiar expression for the diffusion constant in a relativistic fluid and the non
relativistic speed of sound in solids:
D =
η
χPP
, c2 → V2 = G
χPP
(2.14)
we find
τ =
η
G
(2.15)
and, therefore, recover the result (2.2) suggested by Maxwell.
The presence of a k-gap in the shear spectrum of relativistic hydrodynamic and an
implicit version of formula (2.13) have already appeared in [39] within the discussion
of the stability and causality of second order relativistic hydro.
We will generalize this framework for slow momentum relaxation in the next sec-
tions.
We note that a relation between the relaxation time and the diffusion constant is
natural in condensed matter system6. The main difference compared to gravity and
holographic models is that in this case, due to the relativistic symmetries, the dif-
fusion constant D is directly, and not inversely, proportional to the viscosity of the
system η (see for more details, particularly related to Heavy Ions physics [40–42]). The
proportionality between diffusion and viscosity corresponds to the high-temperature
gas-like regime of particle dynamics in condensed matter where the oscillatory compo-
nent of particle dynamics is lost. In this regime, relaxation time τ is related to the
time between particle collisions, and the diffusion constant is proportional to viscosity
as a result, with viscosity increasing with temperature [4] as in holographic models.
This behaviour is in contrast to low-temperature regime where the diffusion constant
is inversely proportional to viscosity. Low- and high-temperature regimes of liquid dy-
namics are separated by the Frenkel line [5].
In this work and the following sections we will provide evidence that the spectrum
of liquids is strikingly similar to that following from simple bottom-up holographic
models. The similarities are both general and detailed; we believe that the same general
mechanism is at operation in these two very disparate areas and physical objects.
6For example for Brownian motion that relation reads D ∼ a2/τ whith a the lattice spacing.
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3 A simple holographic relative
In this section we consider a simple holographic model introduced in [32], which displays
interesting viscoelastic properties and the presence of a k-gap. Most of the computa-
tions presented here are already derived in the original paper. Nevertheless we will
discuss all the phenomenological properties and we will show several interesting physi-
cal aspects of the model. Let us discuss the most relevant features of the setup.
3.1 The model
The model represents the holographic dual of a finite number of dynamical elastic
lines defects embedded in a fluid state. The dynamical defects are described by two
dynamical bulk two forms BIab whose field strengths H
I = dBI are chosen to be:
H1txr = H
2
tyr = m (3.1)
The gravitational bulk action is defined as:
S =
1
2κ24
∫
d4x
√
g
(
R +
6
L2
− 1
12
HIabcH
abc
I
)
(3.2)
The temperature of the background is given by:
T =
rh
4pi
(
3 − m
2
2 r2h
)
(3.3)
where rh is the position of the event horizon. The parameter m counts the number
density of the line defects immersed in the fluid and accounts for the solid properties
of the system. In particular the shear elastic modulus and the corresponding speed of
transverse phonons are determined by m. For more details about the model we refer
to [32].
The setup at hand present two very important features:
1. No explicit breaking of translational invariance is present in the system. As a
consequence the additional dissipative contribution caused by momentum relax-
ation is absent; the corresponding relaxation time is infinite τrel =∞. The lowest
hydrodynamic mode, at small momenta k/T  1, is therefore purely diffusive
in agreement with what found in eq.(2.12). All in all the dispersion relation of
the collective modes present in the JJ correlator is exactly identical to the one
obtained from Frenkel reduction (2.8). In this case there is no need of using any
generalization of the framework (but there will in our second model) but we will
simply have τ = D/v2 where v is the asymptotic speed of the transverse shear
waves at large momenta.
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Figure 3. The dispersion relation (3.7) forM/rh = 5, 8, 100 (from green to blue) in terms of
the dimensionless frequency and momentum ω¯ = ω/rh, k¯ = k/rh. At large cutoff the k-gap
closes and the dispersion relation becomes ω¯ = k¯.
2. The model contains a UV cutoff mass scale M which technically arises from the
holographic renormalization procedure. This may correspond physically to the
height of the interaction potential energy barrier U present in liquids. See [43]
for more details.
3.2 The shear spectrum and the k-gap
In this model the vibrational spectrum of the system, containing the phononic degrees
of freedom, is encoded in the physics of the current associated with the bulk two-form.
As a consequence if we want to look at the transverse shear modes we have this time
to consider the following Green function: Our main focus is the Green function of the
current operators dual to the bulk two forms:
GRJJ(ω, k) ≡ 〈J IµνJ Iσρ〉R (ω, k) (3.4)
which has not to be confused with the Green function of the electric current. In
particular we are interested in the transverse part of such correlator that we will define
GRTT,JJ and in its poles, i.e. transverse QNMs excitations.
In the following we focus on the case m = 0 where no propagating transverse phonon is
present at low frequency. In this limit the density of defects is zero and the system lies
in a fluid (or better viscoelastic) phase. In the hydrodynamic limit ω/T  1, k/T  1
and in the limit of large enough cutoff M/T  1 the transverse QNMs are obtained
– 11 –
solving the following equation7(
1 − i ω
ωg
)
ω + i
M¯ − 1
rh
k2 = 0 (3.5)
where M¯ ≡M/rh.
100 200 300 400 500
ℳ/T
0.90
0.95
1.00
v
2/c2
Figure 4. The shear modes speed (3.10) normalized to the relativistic speed c = 1 in function
of the cutoff M/T .
Strikingly, the above equation for the dispersion relation of the shear modes is
exactly what found in [5] which follows from Maxwell interpolation results (2.8).
Within this approximation we can derive the perturbative expression:
ωg =
rh
M¯ − 1 + 1
2
(ln 3− pi
3
√
3
)
(3.6)
Moreover, we can easily solve equation (3.5) and get the two dominating modes:
ω± = − ωg
2
i ±
√
(M¯ − 1)ωg
rh
k2 − ω
2
g
4
(3.7)
The dispersion relation of such modes is of the type:
ω = − i
2 τ
±
√
c2 k2 − 1
4 τ 2
(3.8)
and exhibits a k-gap at:
k2g =
ωg rh
4 (M¯ − 1) (3.9)
7This assumes that m = 0 and therefore the equations for the perturbations are not coupled.
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Figure 5. The relaxation time τ in function of temperature at fixedM/T = 10, 20, 50 (from
blue to green).
Notice how the lowest mode has Im[ω] = 0 at zero momentum k = 0 as a consequence of
the absence of momentum dissipation. An example of the dispersion relation is shown
in fig.3. Notice that for large cutoff M/T, 1 the k-gap closes and the dispersion
relation becomes exactly linear and relativistic ω = k. Let us first analyze the speed c
which appears at large momentum. Differently from the previous case, the speed now
depends non trivially on the UV cutoff:
v2 =
(M¯ − 1)ωg
rh
=
9(4pi − 3M˜)
2pi
(
18 +
√
3pi − 9 log(3))− 27M˜ (3.10)
where we have used M˜ ≡ M/T . The results are presented in fig.4. As expected, if
we send the UV cutoff to infinity M˜ → ∞, we recover the relativistic speed value
v = c = 1. This confirms indeed the picture that such a feature is due to the absence
of any UV cutoff.
Notice that the speed entering the k-gap dispersion relation (2.9) has not necessarily
to be the speed of light. See for example in the context of kinetic theory also [44].
We now turn to studying the behaviour of the k-gap (3.9) and the relaxation time τ in
this model. It can be immediately seen that:
τ ≡ 1
ωg
=
27 M˜ − 2pi (18 +√3pi − 9 log(3))
48pi2 T
(3.11)
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where M˜ ≡ M/T . The first important feature to notice is that in the limit M˜ → ∞,
the k-gap completely disappears. In another words, the existence of the k-gap in this
model is fully dependent on the existence of a UV cutoff. To this extent this model
appears very different from the previous one which shows a k-gap also in absence of a
UV cutoff. Fixing M˜ , the relaxation time has a simple 1/T dependence which is shown
in fig.5 for various values of the cutoff.
It is now interesting to ask whether the relaxation time can be explained in terms
of the Maxwell relaxation time and/or if it is given in terms of the diffusion constant
of the hydrodynamic mode.
Since the physics of the two forms sector is completely decoupled from the dynamics
of the stress tensor at m = 0 it appears already clear that the reply to the first question
is simply no. Let us discuss the physics of the transverse spectrum further. At low
momenta the hydro pole in the JJ correlator is purely diffusive and reads:
ω = − iDJ k2 = − i 3
4 pi T
(
3M
4pi T
− 1
)
k2 + . . . (3.12)
It is important to underline that at m = 0 the static shear modulus is zero and therefore
the relaxation time τ can clearly not given in terms of it. This is another indication
that the simplistic Maxwell relaxation time interpolation is not at work in this class of
models. Clearly the shear viscosity and the elastic modulus cannot be the ingredient
defining the relaxation time τ , because the dynamics of the stress tensor where those
two quantities ”live” is completely decoupled at m = 0 from the J sector where τ
appears.
It is still interesting to check if, as suggested in the previous sections, the relaxation
time is given by:
τ =
DJ
v2
(3.13)
Putting together the various expressions we obtain:
DJ
v2
=
27 M˜ − 2 pi (18 +√3pi − 9 log(3))
48 pi2 T
(3.14)
where again M˜ = M/T . This indeed proves that the expected theoretical picture of
equation (3.13) is correct.
Finally, we compare the kgap (3.9) with the relaxation time τ = 1/ωg in fig.5.2 for
various cutoff values. At large relaxation times 1/τ  1 the curve is quite linear.
Decreasing the value of the relaxation time we observe a divergence from the linear
behaviour which is more evident at small cutoff. The results are compatible with what
observed in real liquids (see for example [5]).
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Figure 6. The dimensionless kgap (3.9) in function of the dimensionless inverse relaxation
time 1/Tτ for a large cutoff value M˜ = 1000. The inset shows the linear relation for small
values of those quantities.
4 A second holographic relative
In this section we present another holographic model which was introduced to realize
momentum dissipation in the dual field theory. The model does not exhibit any shear
elastic property at zero frequency and momentum, nor any propagating transverse
phonons. In the hydrodynamic limit, it behaves like a fluid with a finite momentum
relaxation time τrel where the dominant excitations are just damped diffusive modes.
Despite numerous studies related to this model a deep analysis of the transverse modes
away from the hydrodynamic limit was missing. In the following we will perform such
a task and we will prove the existence of a k-gap in the dispersion relation for shear
modes.
4.1 The model
We start considering a more generic class of holographic massive gravity models [21, 23]:
S = M2P
∫
d4x
√−g
[
R
2
+
3
`2
− m2V (X)
]
(4.1)
with X ≡ 1
2
gµν ∂µφ
I∂νφ
I . These setups have been examined in various directions in
the last years [22, 27, 28, 45–47] because they are particularly interesting from the
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condensed matter perspective. We study 4D AdS black brane geometries of the form:
ds2 =
`2
u2
[
du2
f(u)
− f(u) dt2 + dx2 + dy2
]
, (4.2)
where u ∈ [0, uh] is the radial holographic direction spanning from the boundary to the
horizon, defined through f(uh) = 0, and ` is the AdS radius.
The φI fields are the Stu¨ckelberg scalars and they admit a radially constant profile
φI = xI with I = x, y. This is an exact solution of the system due to the shift
of symmetry. In the dual picture these fields represent scalar operators which break
translational invariance because of their explicit dependence on the spatial coordinates.
Within these theories the helicity-2 metric perturbations acquire a mass term given by
m2g(u) = 2m
2X V ′ with the background value for X = u2/`2. This is the reason why
we refer to them as massive gravity theories.
The solution for the emblackening factor f for generic potentials V (X) is then given
by
f(u) = u3
∫ uh
u
dv
[
3
v4
− m
2
v4
V (v2)
]
, (4.3)
where uh stands for the location of the black brane horizon. The temperature and the
entropy density are defined as
T = −f
′(uh)
4pi
=
6− 2m2V (u2h)
8piuh
, s =
2pi
u2h
. (4.4)
Finally the energy density of the dual field theory reads
 =
1
u3h
[
1 +
m2 u2nh
2n− 3
]
, V (X) = Xn . (4.5)
and can be easily derived from (4.3) or from the renormalized boundary stress tensor.
The transverse or shear perturbations are then encoded in the fluctuations ax, htx ≡
u2δgtx, hxy ≡ u2δgxy, δφx, δgxu. Assuming the radial gauge, i.e. δgxu = 0, and using
the ingoing Eddington-Finkelstein coordinates
ds2 =
1
u2
[−f(u)dt2 − 2 dt du+ dx2 + dy2] (4.6)
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Figure 7. The heat capacity in function of the dimensionless parameter T/m. The low
temperature behaviour is cv ∝ T while the high temperature limit is cv ∝ T d where in our
case d = 2. The crossover happens approximately at the value of T/m ≈ 0.148 which coincides
with the onset of the incoherent-coherent transition [48].
the remaining equations read8
− 2(1− u2 V ′′/V ′)htx + uh′tx − i k u hxy −
(
k2 u+ 2 i ω(1− u2 V ′′/V ′)) δφx + u f δφ′′x
+
(−2(1− u2 V ′′/V ′) f + u (2iω + f ′)) δφ′x = 0 ;
2 im2 u2ωV ′ δφx + u2 k ω hxy +
(
6 + k2 u2 − 2m2(V − u2 V ′) − 6f + 2uf ′) htx
+
(
2u f − i u2ω)h′tx − u2 f h′′tx = 0 ;
2i k u htx − iku2h′tx − 2 i k m2 u2V ′δφx + 2hxy
(
3 + i u ω − 3f + uf ′ − m2(V − u2V ′))
− (2i u2 ω − 2uf + u2 f ′)h′xy − u2 f h′′xy = 0 ;
2h′tx − uh′′tx − 2m2 uV ′ δφ′x + ik u h′xy = 0 . (4.7)
and they can be solved numerically. The asymptotics of the various bulk fields close to
the UV boundary u = 0 are:
δφx = φx (l) (1 + . . . ) + φx (s) u
5−2n (1 + . . . ) ,
htx = htx (l) (1 + . . . ) + htx (s) u
3 (1 + . . . ) ,
hxy = hxy (l) (1 + . . . ) + hxy (s) u
3 (1 + . . . ) . (4.8)
8Here we set the momentum k along the y direction. This freedom comes from the fact that the
model enjoy SO(2) symmetry in the (x, y) subspace.
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In these coordinates the ingoing boundary conditions at the horizon are automatically
satisfied by regularity at the horizon. It follows that the various retarded Green’s
functions can be defined as:
G(R)TtxTtx =
2 ∆− d
2
htx (s)
htx (l)
=
3
2
htx (s)
htx (l)
,
G(R)TxyTxy =
2 ∆− d
2
hxy (s)
hxy (l)
=
3
2
hxy (s)
hxy (l)
. (4.9)
where spacetime dependences are omitted for simplicity. From the poles of the Green
functions, defined as the zero of the leading terms in the UV expansions we can read
off the QNMs frequency at finite momentum.
In this work we shall consider the simplest model
V (X) = X. (4.10)
which is usually referred to9 as ”linear axions” model [33]. The literature about this
model is very vast and we do not intend to review it here. We will comment through
the text about the main and relevant features of the model and the corresponding
references.
For completeness let us remind the reader that this holographic model is thought to be
an effective description for homogeneous momentum relaxation, where the momentum
relaxation time is controlled by the bulk graviton mass. From the Condensed Matter
perspective it might represent an averaged description for a disordered system whose
features are very similar to the properties of amorphous solids.
Before proceeding let us just discuss some thermodynamic properties of the model. In
particular we can derive the heat capacity as (see [22] for previous discussions):
cv = T
ds
dT
=
4pi (3 − m2 u2h)
u2h (m
2 u2h + 3)
(4.11)
The result is shown in fig.7. The heat capacity displays a crossover behaviour between
a low temperature and a high temperature scaling. In particular for low T we have
cv ∝ T while at high T we have cv ∝ T d where in our case d = 2. The crossover
point happens around T/m ≈ 0.148 and coincides exactly with the incoherent-coherent
transition. From the holographic point of view these scalings are a direct manifestation
9This naming is quite misleading. The scalar fields present in this model are the Stueckelberg fields
for the massive gravity theory at hand [23]. They enjoy shift symmetry, as the axions, but their nature
is completely different and very well known within the massive gravity community (see for example
[49]).
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Figure 8. The QNMs spectrum in the shear channel for m2 = 0. Left: The dashed black
lines are the analytic expression for the diffusion mode at O(k2),O(k4) from [53]. The blue
mode is the hydrodynamic diffusive one and the red one is the first non-hydro pole. Despite
the crossing of the modes in the Imaginary axes there is no real modes collision in the complex
plane and no k-gap is formed. Right: A cartoon of the poles crossover increasing k/T . This
situation does not produce a k−gap but just a simple diffusion to sound crossover.
of the nature of the UV and IR fixed points. More in details the T d scaling follows
immediately from dimensional analysis around the AdS UV geometry, while the linear
in T contribution at low temperature is a typical feature of the AdS2×R2 near horizon
geometry (see [50])10.
4.2 The shear channel
In this section we focus on the dynamical modes in the shear sector; we leave the
longitudinal channel aside. For some complete discussion about Hydrodynamics, QNMs
and BH fluctuations see [18, 19, 54, 55].
In absence of any momentum relaxation time, i.e. m2 = 0, we are left with a pure
Schwarzchild solution which corresponds to a relativistic hydrodynamic system [40]. In
the hydro limit ω/T  1, k/T  1 the shear mode is purely diffusive:
ω = −iD k2 − i# k4 + . . . (4.12)
10Let us try, as an aside comment, to give a more physical interpretation of this crossover. At large
T/m the vibrational modes are just relativistic plane waves ω = k for which the corresponding density
of states is g(ω) ∼ ω2, i.e. the well known Debye result. As a consequence their contribution to the
specific heat, which can be obtained with a specific integral over the density of state, is just the usual
Debye term T d. That said, at the incoherent-coherent transition (which is known in condensed matter
as the Ioffe-Regel crossover) the modes stop to propagate and the physics becomes totally diffusive
[51] like in a strongly disordered system such as a glass or an amorphous solid [36, 52] where indeed
the specific heat has a linear T dependence at low temperature. In other words the scalings of the
specific heat can be understood just in terms of the relevant vibrational degrees of freedom of the
system: at high T/m sound modes while at low T/m diffusive modes.
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Figure 9. Left: The relaxation time Γ = τ−1rel in function of temperature. The dots are the
numerical values extracted from the QNMs while the purple curve is the approximated formula
(4.16) valid for T/m  1. A similar plot can be found in [56, 57]. Right: The momentum
diffusion constant D extracted from the shear QNMs. The green curve is the approximated
formula given in (4.17). The dashed line is the relativistic expression DT = 1/4pi which turns
out to be correct only at large temperature far from the regime drawn in this plot.
where # is a specific combination of third order hydro coefficients [53] and D is the
momentum diffusion constant for a relativistic fluid:
D =
η
s T
=
1
4pi T
(4.13)
Our interest is to study the spectrum of excitations of the system with m2 6= 0 and
beyond the hydrodynamic limit. We proceed with analyzing in more details the feature
of the QNMs spectrum in the shear channel.
The zero mass case m2 = 0 has been studied in details in various papers. For com-
pleteness we just repeat some salient features which will be useful for the future. The
results are summarized in fig.8. The only hydrodynamic mode in the shear channel
is the diffusion mode (4.12) with exactly zero real part. Additional non-hydro modes
are present in the spectrum. At a certain critical momentum k? one of the initially
overdamped mode crosses the diffusive mode and becomes the dominant one at large
momentum k  k?. Moreover such a mode at large momentum asymptotes a relativis-
tic dispersion relation ω = k, forced by the UV relativistic fixed point, and in particular
it becomes a propagating ”sound” mode with Re[ω]  Im[ω]. The large momentum
limit can be analyzed using the WKB methods [58, 59]. Nevertheless, for m2 = 0 no
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k-gap appears in the spectrum and the phenomenology is far from the one discussed in
the introduction. Indeed, despite the apparent crossing in the Imaginary axes there is
no modes collision on the full complex plane.
We emphasize that the k-gap phenomenon is not just a simple diffusion to sound
crossover, which indeed appears ubiquitously in almost every holographic system. Vi-
sualizing the k-gap in the complex frequency plane, it is just the manifestation of the
collision (and not crossover) of two purely immaginary poles which on the contrary is
not very common to happen in the transverse sector of the fluctuations.
Indeed, the situation changes drastically for non-zero mass. In the limit of small
m/T , a new dimensionful scale, i.e. the momentum relaxation time τ−1rel ∝ m2, appears
in the system and it competes with the original diffusion constant D ∝ η. The diffusion
mode becomes damped and acquires a finite imaginary part at zero momentum which
sets the rate of dissipation for the momentum operator. Moreover, at zero momentum
and a precise value of m/T a coherent-incoherent transition appears and the hydro-
dynamic description in terms of a small relaxation time stops to be valid (see [48] for
more details).
Let us start with analyzing the system within the hydrodynamic limit. The dispersion
relation of the shear mode is now modified as:
ω = − iΓ − iD k2 + . . . (4.14)
where Γ = τ−1rel controls the momentum relaxation timescale and D is still the diffusion
constant now D 6= η/(sT ). In order for the hydrodynamic expansion to be sensible
we need the relaxation time to be not too short compared with the natural thermal
timescale:
τrel T  1 (4.15)
Notice how the modified dispersion relation (4.14) is not exactly the same of the k-gap
equation (2.9) because of the presence of a finite relaxation time Γ = τ−1rel which is not
included in the original Navier-Stokes equation in section 2.
For small m/T we can write down the relaxation time as [56] :
Γ = τ−1rel =
m2
2pi T
+ . . . (4.16)
which implies that the hydro approximation is valid as far as m/T  1. In the same
limit we can have an approximate formula for the diffusion constant D [60] and for the
viscosity of the system [24, 61, 62]. In particular the results of [60] show that
D =
1
4 pi T
[
1 +
1
24
(
9 +
√
3pi − 9 log 3
) m2
8 pi2 T 2
]
+ . . . (4.17)
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Figure 10. The shear channel QNMs spectrum for various T/m (from red to blue T/m is
increasing). The figure is adapted from [27].
in the limit of large temperatures, i.e. T/m  1, where the ellipsis stand for higher
order terms in the dimensionless parameter m/T . We plot the diffusion constant and
the relaxation time for our system in fig.9. We notice that the approximate formulae
are not a good approximation for m/T  1, a range in which we could just rely on the
numerics. We also notice that the diffusion constant of the system is no longer given
by the usual relation:
D 6= η
s T
(4.18)
and we believe that this is related to the fact that χPP = +p 6= sT 11 and in particular:
χPP =
3
2
 = s T + 2K (4.19)
where K is the elastic bulk modulus. In different words the failure of the usual re-
lation D = η/sT is a consequence of the fact that the mechanical pressure and the
thermodynamic one (extracted from the free energy) do not coincide for m2 6= 0. This
phenomenon has already been discussed and applied in [27, 28]. A more detailed fluid
gravity study is necessary to solve this puzzle [63].
Moreover, decreasing the temperature T the diffusion constant grows and the mo-
mentum relaxation time becomes smaller. Notice that in non-relativistic liquids the
diffusion constant usually increases with temperature and is inversely proportional to
11The relation between the diffusion constant of the shear hydrodynamic mode and the shear vis-
cosity D = η/χPP is very generic and it does not rely on the assumption of relativistic invariance. In
the case of a non-relativistic system χPP would just be the mass density of the system.
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Figure 11. A comparison between the analytic formula (4.20) obtained in [48] and the QNMs
spectrum computed numerically at the self dual point  = 0. The agreement is excellent.
the viscosity η. The difference hereby is caused by the relativistic symmetries of our
system. Despite this difference, we will see that the temperature dependence of the k-
gap and the dependence of the gap on relaxation time are the same in the two pictures:
holographic gravity models and liquids.
At finite momentum k 6= 0 the situation is more complicated and depends crucially on
T/m. Three different situations can arise and are summarized in fig.10 (notice, once
again, the surprising similarities with fig.2 and the analysis of [11]). For small T/m
the lowest hydrodynamic mode is gapped and shows a dispersion relation typical of a
massive particle with mass m, ω2 = k2 + m2; moreover the mode is overdamped with
an approximately constant imaginary part. Such modes share several features with
the instantaneous normal modes observed and discussed in liquids [64]. Nevertheless,
it is not clear to us if this regime is sensible and this kind of dispersion relation is
observed in any realistic situation. Notice also that within such a regime the naive
energy density  is negative. Increasing T/m there is a particular value at which the
dispersion relation becomes exactly linear ω = k. Such a point signals the onset of
incoherent-coherent transition at zero momentum which has been studied in the past
literature in various contexts (see [48, 65]). Finally, increasing the temperature further,
the physics is dominated by the hydro diffusive mode at low momenta k < kgap. At a
certain critical momentum k ≡ kgap the diffusive mode collides with the first non-hydro
mode and a gap in momentum space opens. These features have been already studied
from the QFT perspective in [11] and will be of interest in this work.
Let us notice that in the limit m/T → 0 the lowest of the two modes in fig.10 becomes
more and more damped and it disappears from the hydrodynamic window and from
the relevant late time dynamics. On the contrary the other pole goes forming the usual
shear diffusion mode moving towards the origin of the complex plane.
For a specific value of T/m ≈ 0.159 the energy density vanishes and the system enjoys
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an enhancement of the symmetries which allow to compute the correlators and their
poles analytically as shown in [48]. For such a value the poles satisfy:
ω = − 3
2
i ±
√
k2 − 1
4
(4.20)
which clearly shows the presence of a gap in momentum space kgap = 1/2. This results
is confirmed by our numerical results in fig.11. We will come back on the nature and
origin of the k-gap in the next section.
4.3 The k-gap and Maxwell interpolation
Our main interest is the region in the parameter space where the energy density is
positive and a gap in momentum space is present. In particular we emphasize that
the presence of the k-gap is limited to the so-called coherent region. In this region,
the system lies in a coherent regime displaying a sharp Drude peak in the electric
conductivity. In order to study this feature better, we collected more data for T/m >
0.159. Some examples are shown in fig.12. Our main purpose is to understand the
origin of the emergence of the k-gap and make contact with the theories proposed in
section 2.
The first comment, which simply comes from looking at fig.12 is that the k-gap moves
towards higher momenta increasing the temperature of the system. This feature is
exactly the same as that discussed in liquids earlier.
We now fit the curves to the functional form:
Re(ω) =
√
c2 k2 − 1
4 τ 2
(4.21)
which has been proposed in [10] and discussed further in [5]. The agreement between
the fits and the data is excellent (see fig.12). From our data we observe that the
asymptotic speed is always relativistic:
ω = k for k →∞ ↔ c = 1 (4.22)
Such a feature is intimately connected to the presence of a relativistic and conformal
UV fixed point. In CM language, our setup lacks the existence of a UV cutoff which
can be identified with the lattice spacing; as a consequence the behaviour of our system
is not cut by any UV scale and it differs from the condensed matter systems.
From the numerical fit we can obtain the behaviour of the timescale τ in function of the
temperature of the system, which is shown in fig.13. The timescale τ decreases with
temperature and it shows a behaviour consistent with real liquids (see [5]). Additionally
we observe that, defining the critical ”self-dual” temperature T ?, there is a clear change
in the behaviour of τ below and above such a temperature scale as it is clear from the
LogPlot in fig.13.
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Figure 12. Left: A collection of dispersion relations exhibiting the k-gap for increasing
temperature. Right: Some benchmark results for the fit ω =
(
a2 k2 − b2)ν ; ν is always
compatible with the expected value ν = 1/2 and a is compatible, up to numerical error, to
the relativistic limit a = 1 which is always reached at large momentum k/T  1.
4.4 The relaxation time
It is now interesting to consider the following questions. First, which physical quantities
set the timescale τ? Does such timescale coincide with the Maxwell relaxation time?
Is the relaxation time derivable in terms of the hydrodynamic diffusion constant as
derived in (2.13)?
In order to answer the questions above within this model we have first to compute
the Maxwell relaxation time:
τM ≡ η/G∞ (4.23)
In order to do that we need to compute the shear correlator of the system at finite
frequency. We can simply follow the computations of [24]. In particular we have to
solve the equation for the fluctuation δgxy = e
−iωt h(u) which reads in Eddington-
Filkenstein coordinates:
h′′ + h′
(
−2
u
+
2 i ω
f
+
f ′
f
)
+ h
(
−2 i ω
u f
− 2m
2
f
)
= 0 . (4.24)
where f(u) is the metric emblackening factor and we use standard notations for the
derivative with respect to the radial coordinates u.
Now given that the UV asymptotics of the h(u) field are:
h(u) = h0(ω) + h3(ω)u
3 + . . . (4.25)
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Figure 13. The timescale τ governing the k-gap in function of temperature. The red dot
is the analytic result at the ”self-dual” temperature T ?. The dashed lines are just joining
together the numerical data. It is important to notice the similarities of this behaviour with
the well-known Vogel-Tammann-Fulcher law for liquids.
close to the AdS boundary u = 0; the Green function for the shear stress tensor operator
is simply given by:
GRTxyTxy(ω) =
3
2
h3(ω)
h0(ω)
(4.26)
where the index R reminds the reader that we are considering the retarded correlator.
Now we can directly define the viscosity of the system and the infinite frequency elastic
modulus as:
η = − lim
ω→0
1
ω
G′′(ω) , G∞ = lim
ω→∞
G′(ω) (4.27)
where we have used the reduced notation:
GRTxyTxy(ω) = G
′(ω) + i G′′(ω) (4.28)
splitting the real and imaginary parts of the Green function.
The results for the shear correlator (4.26) are shown in fig.14. As expected the real
part of the correlator asymptotes a constant value at infinite frequency which indeed we
identify with G∞. The values of the static elastic modulus, the infinite frequency elastic
modulus and the shear viscosity are shown in fig.15. Several interesting properties
appear. First, the static and infinite frequency moduli clearly do not match. The
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Figure 14. The stress tensor Green function (4.26) in function of the frequency for various
values of m/T . Left: The real part G′(ω). Right: The imaginary part G′′(ω).
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Figure 15. Left: The static and infinite frequency elastic moduli G0 and G∞ in function
of T/m. Right: The shear viscosity in function of T/m. The asymptotic value at T/m→∞
is exactly s/4pi.
static elastic modulus is always negative, while the infinite frequency one is positive for
large enough temperatures. More precisely we can prove that:
G∞ =
3
8
 , (4.29)
where  is the energy density of the system. Therefore the infinite frequency modulus
becomes positive around T/m ∼ 0.159 which is indeed the self-dual point where  = 0.
Interestingly enough this is approximately also the value at which the dispersion relation
of the shear modes passes from the k-gap type to the massive particle type. See for
example the previous fig.2. This is an important point because it implies that the
Maxwell relaxation time is well-defined only for temperatures T/m > 0.159 which is
roughly the temperature at which the k-gap appears. The final result for the Maxwell
relaxation time is displayed in fig.16. Comparing the Maxwell relaxation time τM
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Figure 16. Left: The Maxwell relaxation time τM = η/G∞ in function of the dimensionless
temperature T/m. Roughly the change of sign of the Maxwell timescale appears when the
dispersion relation of the shear modes switch from massive particle type (red inset) to k-gap
type (blue inset). Right: A comparison between the Maxwell relaxation time τM and the
numerical data.
with the relaxation time τ extracted from the numerical data we can claim that the
Maxwell result overestimates the correct value by more than one order of magnitude.
Moreover the Maxwell relaxation time becomes negative at T/m ∼ 0.159 while the
k-gap closes (τ = 0) at a slightly lower temperature. Nevertheless it is interesting to
notice that in the region where both the relaxation times are well defined the qualitative
behaviour is very similar. As a matter of fact both the timescales decrease increasing
the temperature (see fig.16).
As a short summary of this analysis we demonstrated that the relaxation time in our
holographic model does not coincide with the Maxwell time extracted from holography;
nevertheless the qualitative temperature dependence is rather similar.
Discarded the hypothesis that the relaxation time is controlled by the Maxwell
timescale τM it is still interesting to understand if the relaxation time can be related to
the hydrodynamic diffusion constant as introduced in (2.13). In order to answer this
question within this model we have to take into account that hereby we have a finite
relaxation time for the momentum operator τrel 6= 0 and therefore the simple quasi-
hydrodinamic picture is expected to work just at high temperature (where momentum
relaxation is negligible) as shown in fig.17. Due to the aforementioned complication
we have to modify our setup and consider that our total relaxation time appearing in
(4.21) contains also a contribution from the momentum relaxation time τrel. In partic-
ular, in the limit of Γ/T  1, τT  1 the dispersion relation of the two first modes
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can be described by:
ω± = − iΓ − i
2 τ
±
√
c2 k2 − 1
4 τ 2
+ . . . (4.30)
which once expanded in the low momentum limit k/T  1 gives rise to the two modes:
ω = − iΓ − iD k2 + . . . , ω = − iΓ − i
τ
+ + iD k2 D ≡ c2 τ (4.31)
which is exactly what our numerical data show (see for example fig.11). It is important
here to underline an additional difficulty of our setup. The above description is only a
good one when Γ T, τ  1/T . The condition of having the first ”Drude” pole with
a small damping indeed implies Γ/T  1; at the same time we have to demand that
the second pole is also not overdamped such that the hydrodynamic description can be
written down just in terms of these two modes. Putting together the two constraints,
one would naively expect a good agreement between the formulas and the numerics
only in an intermediate regime of temperatures. At very large values of m/T , the
momentum relaxation becomes important removing the basis for the approximation of
having a underdamped pole ω = −iΓ. In the opposite limit at large temperature,
the other pole will acquire a very large imaginary part because τ−1 will grow with
temperature and therefore it will disappear from the hydrodynamic spectrum. Let us
notice that the limit τT  1 implies also that kgap/T  1, namely that the k− gap lies
inside the hydrodynamic window. Our numerical data confirm that, even beyond that
limit where our ”hydrodynamic” formulas do not work anymore, a well defined k−gap
appears. In that sense, we can think about the k− gap phenomenon as a beyond-
hydrodynamic feature. We notice that, in the regime of validity of our theoretical
framework, the relaxation time is well approximated by :
τ =
D
c2
= D (4.32)
since c = 1. Decreasing the temperature, outside the range of validity of our formulas
because of the strong momentum relaxation, we find that the relaxation time is better
fitted by the expression12:
τ =
D
c2 + D Γ
<
D
c2
(4.33)
which can be guessed using a, non justified, inverse Matthiessen, and assuming τ−1tot =
τ−1 + Γ = c2/D.
Notice that in the limit Γ/T  1 the corrections coming from momentum dissipation
are negligible. As a summary of this second attempt we emphasize that in the regime
12Let us remark that this expression cannot be derived in the context of quasyhydrodynamics.
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Figure 17. A comparison between the relaxation time τ numerically computed from the
QNMs (filled bullets) and several hydrodynamic quantities. (I) the diffusion constant D
(yellow), (II) the formula for the generalized liquid relaxation time τ (4.33) (purple) (III) the
approximated formula for the diffusion constant (4.17) (dashed). Notice that for Γτ  1 the
corrections from τrel are small and τ ≈ D/c2. In general we found a good agreement between
the data and the theory. The red bullet indicates the self-dual point.
of validity of our approximation, i.e. at large temperature, the relaxation time is indeed
given by the hydrodynamic diffusion constant as predicted by formula (2.13).
Finally, we address the behaviour of the k-gap as a function of the inverse of the
relaxation time 1/τ where we fix c = 1. The result is shown in fig.18. The curve shows
a linear behaviour, in agreement with what Eq. (2.10) predicts and what was found
in liquids and supercritical fluids [10]. This is another important result highlighting
similarities between liquids and holographic models.
5 Discussion
In this work we performed a detailed study of the shear collective modes beyond the
hydrodynamic limit in two simple holographic bottom-up models exhibiting viscoelas-
tic features. Our main result is that both models show the presence of k-gap in the
transverse spectrum whose temperature dependence is in perfect agreement with what
is seen in condensed matter systems, liquids. Since the gap and its properties in liq-
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Figure 18. The k-gap in function of the inverse relaxation time τ (4.33). The straight dashed
line is a guide for the eye
uids are derived from the Maxwell interpolation, our results imply that relativistic,
and strongly coupled, systems and systems with slow momentum relaxation also obey
Maxwell interpolation. Nevertheless the relaxation time of the holographic models
considered is not given by the Maxwell relation timescale τM . In the hydrodynamic
limit, or more precisely when kgap/T  1 and for the second model Γ/T  1, the
corresponding expression for the liquid relaxation time reads:
τ =
D
v2
(5.1)
where D is the hydrodynamic diffusion constant extracted by the dispersion relation of
the (pseudo)-diffusive mode at k/T  1 and v the asymptotic transverse sound speed
at large momentum. At low temperature, where the momentum relaxation rate is not
small anymore, we found a good agreement with the empirical formula: τ = D/(c2 −
D Γ) where Γ = τ−1rel is the momentum relaxation rate. Interestingly, at zero momentum
dissipation Γ = 0, substituting into the previous formula the expression for the diffusion
constant in a relativistic fluid D = η/χPP and the formula for the transverse sound
speed v2 = G/χPP we immediately re-derive the Maxwell interpolation result τ = η/G.
We summarize our findings in the following:
• The thermodynamic properties of the considered models are in agreement with
the expectations from realistic viscoelastic materials [36, 52]. In particular the
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temperature dependence of the heat capacity displays a crossover between the
Debye model cv ∼ T d at large temperature and a new emergent linear behaviour
at small temperature cv ∼ T . Our results indicate that this effect can be associ-
ated to the onset of the incoherent-coherent transition [48]. From the geometrical
point of view this is just a manifestation of the UV AdS4 and the IR AdS2 ×R2
fixed points.
• Both holographic models show the existence of a k-gap in the transverse spec-
trum of excitations (beyond the hydrodynamic limit) as is seen in liquids and
supercritical fluids [10]. The k-gap in the holographic models is strikingly similar
to the gap in liquids: it (a) increases with temperature and (b) linearly increases
with the inverse of relaxation time.
• In both the holographic models the dispersion relation of the propagating shear
waves is in agreement with the Frenkel proposal
Re(ω) =
√
v2k2 − 1
4τ 2
(5.2)
which can be phenomenologically derived from the Navier Stokes equation using
the substitution (2.3).
• Despite the previous agreement, the relaxation time scale in eq.(5.2) is not given
by the Maxwell prediction τM = η/G∞. The only similarity between the two
timescales is their qualitative temperature dependence, indeed both decreasing
with temperature. Additionally such a dependence is similar to what is widely
observed in liquids [5] (see fig.13).
Our results strongly suggest that Maxwell interpolation has a much wider scope of
application than envisaged originally and discussed until now despite the identification
of the relaxation timescale has a more complicated formula with respect to the one
proposed by Maxwell. Namely, the ability of the system to support both hydrody-
namic viscous and solid-like elastic response and, importantly, the additivity of both
responses in the equation of motion (see 2.1) are the two properties which we believe
are applicable in other systems. Importantly, this approach applies to strongly-coupled
systems where neither elastic nor viscous components are small and where perturbation
theory and other existing theories do not apply. For this reason, we believe that the ap-
proaches based on Maxwell interpolation will be fruitful in addressing strongly-coupled
field theories which describe a number of important physical systems and phenomena.
A more detailed discussion of this point will be given in a companion paper [66].
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As an interesting observation we should underline the similarity of the picture described
with the phenomenological Israel-Stewart model [67] and the related higher derivative
holographic models [68, 69]. In other words the presence of the k-gap is somehow ex-
pected and needed to regulate the well-known problems of acausality produced by the
diffusive hydrodynamic pole. See for example [44].
Several questions and future directions remain to be investigated:
• The k-gap phenomenon appears to be very general within the holographic con-
structions. Its presence has already been observed in several contexts: in the
dispersion relation of chiral magnetic waves within the anomalous magneto re-
sponse [70], in plasmas with finite magnetic field [71, 72], in the study of elec-
tromagnetism using global symmetries [73], in the QNMs spectrum of P-wave
superfluids [74] and in holographic fermionic spectral functions13. It would be
interesting to better understand the connection between the physics of the k-gap
in liquids, the emergence of propagating shear waves and the features of Alfven
waves and emergent photons. Finally, is there a common physical origin to the
k-gap in many physical systems and effects mentioned above? Is it related to a
finite range of propagation of an excitation in a medium where this excitation is
not an eigenstate or, in other words, to dissipation? In this simple yet general
picture, an existence of a finite relaxation time τ in the system implies a finite
range of wave propagation equal to cτ . Then, the k-gap kg = 1/(cτ) emerges sim-
ply because the allowed wavelengths can not be longer than the wave propagation
range?
• It is very interesting that we can define the k-gap just using hydrodynamic ob-
servables such as the diffusion constant. Can the k-gap a new and valuable method
to measure the diffusion constant in relativistic fluids?
• The physics of the k-gap is hiddenly connected with the so-called zero sound
in D-branes setups which follow from a DBI-type action [75, 76]. Moreover, our
equation (2.8) already appeared in this context in [77] and it might also be relevant
for the hydrodynamic description of condensed matter systems like graphene [78].
Is there a unified picture of the k-gap phenomenon and the physics behind it?
• Can we obtain an independent derivation of the liquid relaxation time formula
(4.33)? Can large-D methods [79] be useful in this direction? How generic is the
presence of a k-gap ? Can we re-derive our formula from field theory methods
13Private communication with Sang-Jin Sin and Yunseok Seo.
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and appropriately deforming the hydrodynamic equations? We expect that our
holographic results would agree with that analysis.
• The similarities between the thermodynamic and the transverse spectrum features
of our holographic models and those of realistic liquids are suggestive. It is
interesting to study this further and the relationships with the instantaneous
normal modes present in real liquids [64].
Finally, our discussion of the differences between liquids and gases has shown that
important and unexpected liquid properties can be understood on the basis of Maxwell-
Frenkel picture combining both hydrodynamic and solid-like elastic responses from the
outset. This points to a new avenue to be investigated in regard to the cherished link
between the holographic methods and experimental low energy results.
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